Abstract. We denote by F P MC the class of all non-singular projective algebraic surfaces X over C with a finite polyhedral Mori cone NE(X) ⊂ NS(X) ⊗ R. If ρ(X) = rk NS(X) ≥ 3, then the set Exc(X) of all exceptional curves on X ∈ F P MC is finite and generates NE(X). Let δ E (X) be the maximum of (−E 2 ) and p E (X) the maximum of p a (E) respectively for E ∈ Exc(X). For fixed ρ ≥ 3, δ E and p E we denote by F P MC ρ, δ E , p E the class of all algebraic surfaces X ∈ F P MC such that ρ(X) = ρ, δ E (X) = δ E and p E (X) = p E . We prove that the class F P MC ρ, δ E , p E is bounded in the following sense: for any X ∈ F P MC ρ, δ E , p E there exist an ample effective divisor h and a very ample divisor
Algebraic surfaces with finite polyhedral Mori cone
Let X be a non-singular projective algebraic surface over an algebraically closed field. Let NS(X) be Neron-Severi lattice of X (i. e. the group of divisors on X by numerical equivalence considered together with the intersection pairing). By Hodge Index Theorem, the lattice NS(X) is hyperbolic: it has signature (1, ρ − 1) where ρ = rk N S(X). We denote by NE(X) ⊂ NS(X) ⊗ R the Mori cone of X generated over R + by all effective curves on X. By definition, a surface X has a finite polyhedral Mori cone NE(X) if NE(X) is generated by a finite set of rays (we denote by F P M C the class of all these surfaces). The minimal set of these rays is called the set of extremal rays. We denote by V + (X) the half-cone containing a polarization (i. e. an ample divisor) of the cone V (X) = {x ∈ N S(X) ⊗ R | x 2 > 0}. By Riemann-Roch Theorem, the cone NE(X) contains the half-cone V + (X). It follows that for ρ(X) ≥ 3, the set of extremal rays of X ∈ F P M C is equal to R + E, E ∈ Exc(X), where Exc(X) is the set of all exceptional (i. e. irreducible and having negative square) curves of X. In particular, the set Exc(X) is finite. Thus, we can introduce natural invariants of X ∈ F P M C: ρ(X) = rk N S(X),
(1.1)
where p a (E) =
+ 1 is the arithmetic genus of a curve E, K is the canonical divisor of X.
Surfaces X ∈ F P M C are interesting because of the following reasons: 1) Polyhedrality of Mori cone NE(X) is very important in the Mori Theory. It is interesting and curious to ask what will be if one requires the only this condition.
2) We consider surfaces X ∈ F P M C as Algebraic Geometry analog of arithmetic groups generated by reflections in hyperbolic spaces (e. g. see [N4] , [N5] and [N8] ). We also expect that they are connected with some analog of automorphic products introduced by R. Borcherds (see [B1] , [B2] , [GN1] - [GN7] and [N10] - [N12] ).
3) We expect that quantum cohomology related with surfaces X ∈ F P M C are very interesting: one can consider the set Exc(X) as an analog of a system of simple real roots. Here "related" means that not necessarily the quantum cohomology of X itself, but e. g. quantum cohomology of varieties fibrated by X ∈ F P M C might be interesting ones. See some examples in [CCL] , [HM1] , [HM2] , [Kaw1] , [Kaw2] , [Mo] and also [GN3] , [GN7] .
There are plenty of surfaces X ∈ F P M C. For example, let Y be a normal projective algebraic surface such that (−K Y ) is nef and K 2 Y > 0. Let X be the minimal resolution of singularities of Y . Then X ∈ F P M C. E. g. see [N9] .
For fixed invariants ρ ≥ 3, δ E , p E , we denote by F P M C ρ, δ E , p E the class of all algebraic surfaces X ∈ F P M C such that ρ(X) = ρ, δ E (X) = δ E and p E (X) = p E .
In Theorem 1.1 below, we want to show that the class F P M C ρ, δ E , p E is bounded. We remind that any non-singular projective algebraic surface has a linear projection embedding into P 5 (e. g. see [Sh] ). This projection keeps the degree. Surfaces in P 5 of the fixed degree depend on a finite number of Chow coordinates (e. g. see [Sh] ).
, and if the ground field is C, there exists a very ample divisor
. Therefore, the nef cone defines a finite polyhedron M = N EF (X)/R + of finite volume in the hyperbolic space L(X) = V + (X)/R + . The set Exc(X) is the set of orthogonal vectors to faces (of the highest dimension) of M. By [N4, Appendix, Theorem 1] (see also [N15] about much more exact statements), we have the following Lemma 1.1. There exist exceptional curves E 1 , . . . , E ρ ∈ Exc(X) such that the conditions (a), (b) and (c) below are valid:
one cannot divide this set in two non-empty subsets orthogonal to one another).
Let us consider the ρ × ρ matrix Γ = (γ ij ) = (E i · E j ) where 1 ≤ i, j ≤ ρ. By 1 ≤ i ≤ ρ, and 0 ≤ γ ij < 31δ E for any 0 ≤ i, j ≤ ρ and i = j. It follows that the set of possible matrices Γ is finite. Thus, in further considerations we can fix one of the possible matrices Γ.
The matrix Γ has non-negative coefficients out of its diagonal. Moreover, it is symmetric and indecomposable (by the condition (c)). Thus, by Perron-Frobenius Theorem, its maximal eigenvalue λ has multiplicity one and has the eigenvector v = b 1 E 1 + · · · + b ρ E ρ with positive coordinates b i > 0. Since the lattice N S(X) is hyperbolic, the eigenvalue λ > 0. It follows that Γv = λv and
We can replace real numbers b i by very closed positive rational numbers b
by an appropriate positive natural number N , finally we find natural numbers
. Under the conditions (a) and (c) of Lemma 1.1, there exist
Suppose that C is an irreducible curve on X different from E 1 , . . . , E ρ . Then C defines a non-zero element in N S(X) because C · H > 0 for a hyperplane section H. It follows that C · E i ≥ 0 for any 0 ≤ i ≤ ρ, and at least one of these inequalities is strong because E 1 , . . . , E ρ generate N S(X) ⊗ Q. Thus, C · h > 0. It follows that C · h > 0 for any effective curve C. Since h 2 > 0, by Nakai-Moishezon criterion, the divisor h is ample. By the construction, h is effective. Since for the fixed (ρ, δ E ) the set of possible matrices Γ is finite, h 2 ≤ N (ρ, δ E ) for a constant N (ρ, δ E ) depending only on (ρ, δ E ). It proves the first statement of the Theorem 1.1.
To prove second statement, let us additionally fix
Since the lattice N S(X) is non-degenerate and E 1 , . . . , E ρ give a bases of N S(X) ⊗ Q, these equations define d 1 , . . . , d ρ uniquely.
Suppose that the ground field is C. By Reider's Theorem [R] (see also [L] ), we have h
is bounded by a constant depending on (ρ, δ E , p E ). (We remark that this is the only place in the proof of Theorem 1.1 where we use that the ground field is C.) This finishes the proof of Theorem 1.1. Using this matrix, it is easy to prove that the cone R + C g + R + E 0 + R + F 0 contains the cone V + (X). It follows that N E(X) = R + C g + R + E 0 + R + F 0 , and X ∈ F P M C 3,n,g where n > 0 and g ≥ 0 can be arbitrary. The surfaces X give the infinite dimensional family of surfaces in F P M C 3,δ E =n = ∪ p E ≥0 F P M C 3,n,p E . This shows that Theorem 1.1 is not true if one does not fix the invariant p E . The same example shows that Theorem 1.1 is not true if one does not fix the invariant δ E .
Examples 1.2.
It is interesting to classify surfaces X ∈ F P M C ρ,δ E ,p E for small invariants ρ, δ E and p E . Example 1.2.1. Suppose that δ E = 1. Then ρ ≤ 9. Really, for δ E = 1 any exceptional curve E ∈ Exc(X) has E 2 = −1 and defines a reflection of N S(X) which maps E → −E and is identical on E ⊥ . All E ∈ Exc(X) generate a reflection group W ⊂ O(N S(X)) with the fundamental domain N EF (X)/R + ⊂ L(X) of finite volume. It was shown in [N2] , [N3] that then rk N S(X) ≤ 9, and all hyperbolic lattices N S(X) with this property were found; see also [N6] , [N8] . By Theorem 1.1, it then follows that the family F P M C δ E =1,p E is bounded and may be described (in principle) for a fixed p E . Here we denote
Obviously, the family F P M C δ E =1, 0 consists of non-singular Del Pezzo surfaces and is well-known (e. g. see [Ma] ). It seems, nobody tried to classify
Example 1.2.2. Suppose that δ E = 2. Then again curves E ∈ Exc(X) define reflections of N S(X), and similar arguments as above show that ρ ≤ 22; see [V1] and [E] . We mention that the same result is valid for X ∈ F P M C if all E ∈ Exc(X) define reflections of N S(X). We also remark that if E 2 = −2 for any E ∈ Exc(X), then ρ ≤ 19, see [N2] , [N3] . By Theorem 1.1, it then follows that the family F P M C δ E =2, p E is bounded and may be described (in principle) for a fixed p E .
The family F P M C δ E =2,0 contains minimal resolutions of singularities of Del Pezzo surfaces with Du Val singularities (they were classified in [AN1] and [AN2] ), K3 surfaces with finite automorphism group [P-SS] (they were classified in [N2] , [N3] , [N6] and [N8] ), Enriques surfaces with finite automorphism group (they were classified in [N7] , [N8] and [Ko] ). A complete description of F P M C δ E =2,0 is not known. It seems, nobody tried to classify F P M C δ E =2,p E for p E ≥ 1. Example 1.2.3. Suppose that δ E = 3. Then ρ is not bounded for F P M C δ E =3,p E for any fixed p E ≥ 0. Let us consider a surface X of Example 1.1 with 1 ≤ n and g = p E . It has three exceptional curves C g , E 0 and F 0 . They define a tree of curves and have two intersection points of these curves. Consider the blow up X 1 of X in one of these two intersection points. Then X 1 has four exceptional curves C g , E 0 , F 0 and F 1 where F 1 is the exceptional curve of the blow-up. Like for Example 1.1, one can show that X 1 ∈ F P M C and C g , E 0 , F 0 and F 1 are all exceptional curves of X 1 . It has ρ(X 1 ) = 4. These curves also define a tree and have three intersection points. We can repeat this procedure considering blow up X 2 of X 1 in one of these surfaces with ρ(X k ) = 3 + k. We have: X k ∈ F P M C and X k has exactly 3 + k exceptional curves where 2 + k of them are proper preimages of exceptional curves of X k−1 and one is exceptional curve of the blow-up in an intersection point of two exceptional curves of X k−1 . One can see that this sequence contains an infinite sequence of surfaces X k ∈ F P M C ρ=3+k, δ E =n,p E for any fixed δ E = n ≥ 3.
For a surface X ∈ F P M C ρ≥3 , the important invariant is the dual graph Γ(X) of all exceptional curves E ∈ Exc(X). Here we mark vertices E ∈ Exc(X) of this graph by the pair (E 2 , p a (E)) and edges (E i , E j ) of the graph by
It is very possible that we have the following Conjecture 1.1. For fixed invariants ρ ≥ 3, δ E and p E , the set of possible graphs
Using considerations in the proof of Theorem 1.1, we can prove Theorem 1.2. For fixed invariants ρ ≥ 3, δ E and p E , the set of possible graphs
Proof. We argue as in the proof of Theorem 1.1. For the fixed matrix Γ (one from a finite set) we have that the hyperbolic lattice N S(X) is an intermediate
* . where the lattice [E 1 , . . . , E ρ ] is fixed by Γ. Thus there exists only a finite number of possibilities for the overlattice [E 1 , . . . , E ρ ] ⊂ N S(X). We fix one of them. We also fix one of finite possibilities for the canonical class K = K X ∈ N S(X). If K 2 > 0, there exists only a finite set of elements e ∈ N S(X) such that −δ E ≤ e 2 < 0 and 0 ≤ e 2 +e·K 2 + 1 ≤ p E because the lattice N S(X) is non-degenerate and hyperbolic. It shows that ♯Exc(X) is bounded by a constant depending only on ρ, δ E and p E . This finishes the proof.
Algebraic surfaces with some locally polyhedral Mori cone
Here we want to outline some generalization of results in Sect. 1 for more general class of surfaces (we hope to give details in forthcoming publications). They are Algebraic Geometry analog of reflection groups of hyperbolic lattices of elliptic, parabolic or hyperbolic type (see [N8] , [N9] 
For surfaces X ∈ F P M C ρ≥3 the nef cone defines an elliptic (i. e. finite and of finite volume) polyhedron N EF (X)/R + ⊂ L(X). The key Lemma 1.1 which we used in the proof of Theorem 1.1, can be generalized (with some bigger absolute constant instead of 62) for locally finite polyhedra of restricted parabolic or restricted hyperbolic type in hyperbolic spaces. See [N11] , [N13] , [N15] , and [N16]. Thus, we have Theorem 1.1 for surfaces with N EF (X)/R + of these types. Below we introduce surfaces for which it is true.
Like in Sect. 1, we consider only non-singular projective algebraic surfaces X over algebraically closed field.
Definition 2.1. Let ρ(X) ≥ 3. We say that X has almost finite polyhedral Mori cone N E(X) if (1), (2) and (3) below hold:
(1) There exist finite maximums:
(2) There exists a non-zero r ∈ N S(X) such that any extremal ray of N E(X) is either generated by an exceptional curve E ∈ Exc(X) or by c ∈ N S(X) ⊗ R such that c 2 = 0 and c · r = 0. (3) The set Exc(X) · r is bounded: −R ≤ Exc(X) · r ≤ R for some finite R > 0. We remark that if K ≡ 0, one can always put r = K. Then (3) follows from (1).
There are plenty of surfaces X with almost finite polyhedral Mori cone. Let Y be a normal projective algebraic surface with nef anticanonical class −K Y and with at least one non Du Val singularity if −K Y ≡ 0. Then the minimal resolution of singularities X of Y has almost finite polyhedral Mori cone (e. g. see [N9] ).
One can show that surfaces X with almost finite polyhedral Mori cone have the polyhedron N EF (X)/R + ⊂ L(X) either of elliptic or restricted parabolic or restricted hyperbolic type. For polyhedra M of this type one can prove Lemma 1.1 with the constant 62 replaced by some other absolute constant. See [N11] , [N13] , [N15] , and [N16] . From this Lemma we get (like in proof of Theorem 1.1) Theorem 2.1. For ρ ≥ 3, there are constants N (ρ, δ E ) and N ′ (ρ, δ E , p E ) depending only on (ρ, δ E ) and (ρ, δ E , p E ) respectively such that for any X with almost finite polyhedral Mori cone and ρ(X) = ρ, δ E (X) = δ E and p E (X) = p E , there exists an ample effective divisor h such that h 2 ≤ N (ρ, δ E ), and if the ground field is C, there exists a very ample divisor h ′ such that h ′ 2 ≤ N ′ (ρ, δ E , p E ).
